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In magnetic fusion plasmas, mounting evidence suggests the possibility of sustained turbulence below the
linear stability threshold, or more generally global turbulence bistability. The usual reduced models for tur-
bulence spreading are unistable/supercritical and incompatible with this result. The older models also cannot
realistically support fronts connecting laminar and turbulent domains. In this work, a minimal model for
subcritical turbulence spreading is introduced and analyzed. The model may be viewed as phenomenological
or derived directly by considering the effect of profile corrugations in an E×B staircase. The model, which is
related to the FitzHugh–Nagumo system, supports robust coexistence of multiple turbulence levels via bista-
bility. We show that this model predicts stronger penetration of turbulence into a linearly stable region as
well as the formation of intermittent turbulence fronts which resemble avalanches. We derive the critical size
that a localized slug of turbulence must exceed in order to spread. Finally, we make a prediction of global
hysteretic behavior associated with the bistability, which should be testable via experiment.

I. INTRODUCTION

A challenge of modeling transport in magnetic fusion
plasmas is that the local fluctuation level is not deter-
mined solely by the temperature and density profiles. In
general, there is a nonlocal relation between fluxes and
profiles. The degree or range of the nonlocality, an im-
portant object of study, depends on the precise mecha-
nism controlling the nonlocal dynamics. The radial prop-
agation of turbulent fluctuations, referred to as turbu-
lence spreading, is one such mechanism, since the turbu-
lence can easily propagate beyond the microturbulence
correlation length1. As a result, the fluctuation level (and
thus fluxes) will generally have a nonlocal, non-Fickian
dependence on the driving gradient. Explicitly, the lo-
cal, Fickian flux-gradient relation Q(r) =−χ∇T will be
altered to an integral relation of the form

Q(r) =−χ

∫
dr′K(r,r′)∇T (r′), (1)

with the kernel K representing a generalized diffusiv-
ity, with variable mesoscopic range. The physics of the
breakdown of Fick’s law due to mesoscopic transport
events is reviewed by Hahm and Diamond (2018)2.

The spreading of turbulence is a mesoscale phe-
nomenon, meaning it occurs on lengthscales much larger
than the turbulence correlation length or eddy size but
much smaller than the minor radius. The relevant
timescales of spreading are slower than the turbulence
correlation time but faster than transport timescales.

The consequences of spreading in confined plasmas
are numerous. Fluctuations can penetrate into the lin-
early stable regions of the plasma and excite turbu-
lence there3,4. Spreading is believed to be involved
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in the observed breakdown of gyro-Bohm transport
scaling5. Spreading is also closely related conceptually
to avalanching, a process wherein a large initially local-
ized excitation cascades into neighboring regions, excit-
ing turbulence as in a domino effect and causing strong
transport events or bursts. Avalanching, a feature of sys-
tems that exhibit self-organized criticality, is especially
likely in marginal or weakly subcritical systems6.

An interesting feature of turbulence spreading is that,
despite its delocalizing effect, it can itself be described
using local dynamics. The simplest approach is to em-
ploy a 1-D, nonlinear reaction–diffusion model for the
turbulence intensity, of the form

∂t I = f (I)+∂x(D(I)∂xI), (2)

where f (I) describes the total local nonlinear
growth/decay of the turbulence intensity, and D(I)
represents nonlinear diffusion of the turbulence energy.
The nonlinear diffusion originates from nonlinear mode
coupling in wavenumber space, which results in spatial
scattering. Of these models, the most common is based
on the Fisher equation3,4,7. This model, which takes f to
be quadratic, i.e.

f (I) = γ0I− γnlI2, (3)

incorporates effects of local linear turbulence drive and
local nonlinear coupling to dissipation that saturates the
linear drive. The Fisher model predicts ballistically prop-
agating fronts of turbulence, provided the system is su-
percritical, i.e. has positive linear growth. In particu-
lar, turbulence propagates superdiffusively, with ∆x ∼ t,
rather than ∆x2 ∼ t.

The Fisher model succeeds in explaining — at a fun-
damental level — why the local flux-gradient relation
is violated. It also reveals a superdiffusive character of
turbulence spreading and predicts a radial propagation
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speed of the order c ∼
√

D0γ0, where γ0 is the local lin-
ear growth rate and D0 is the nonlinear turbulence dif-
fusion coefficient. These predictions are in rough agree-
ment with simulation8.

However, under careful scrutiny, the Fisher model
may be seen to suffer from several important limitations.
First, it does not predict robust turbulence spreading in a
marginal or subcritical state, and for this reason cannot
be used as a model for avalanching. Instead, spreading
only occurs in the supercritical regime. In a system with
fully developed turbulence, such a description of turbu-
lent front propagation is unphysical, since in a linearly
unstable zone, noise will have excited the system to a
saturated turbulence level in the first place. Moreover,
even during the initial growth of the fluctuation envelope,
Fisher-type spreading can only be relevant if the rate of
propagation exceeds the linear growth rate γ0 � c/∆x,
i.e. ∆x2γnl �D0, where ∆x is an appropriate mesoscopic
length scale.

The Fisher model also predicts very weak penetration
into a linearly stable zone—indeed, to a finite depth on
the order of just a few correlation lengths7. This calls into
question the utility of the Fisher model for explaining
any observed nonlocality in the turbulence intensity or
fluctuations in a stable zone.

As a final reason to reconsider the Fisher model, sub-
critically unstable turbulence has been observed in a va-
riety of contexts in magnetic fusion (MF) plasma simu-
lations. This phenomenon cannot be captured in the su-
percritical Fisher model. For example, magnetic shear
has a stabilizing effect on drift eigenmodes, but simu-
lations of the 3-D Hasegawa–Wakatani system suggest
that turbulence can self-sustain even when all modes are
stable9. The underlying nonlinear stability mechanism10

can be traced to spontaneous sheared radial flows, which
set up poloidally-varying density perturbations. These
density perturbations, in turn, act as a free energy source
for drift waves with small ky which are immune to mag-
netic shear damping. Finally, the drift waves amplify
the original radial flows, completing the feedback loop.
Self-sustaining, self-organized turbulence has also been
observed in simulations of more a complicated sheared
system based on the Braginskii equations11,12. Finally,
gyrokinetic simulations with a strong ambient perpen-
dicular shear flow imposed indicate that the turbulence
in such a system is subcritical, as well13,14.

These considerations motivate the introduction of a
new model for the spreading of turbulence. In this paper,
we analyze the simplest extension of the Fisher model
that can incorporate subcritical turbulence — or more
generally, bistability. It is of the form of Eq. (2), with
the cubic reaction function

f (I) = γ1I + γ2I2− γ3I3. (4)

This model is closely related to the FitzHugh–Nagumo
model for excitable media15,16. While the underlying

physics of the bistability is not our focus here, we note
that Guo and Diamond (2017)17 showed that temperature
profile corrugations can provide an additional nonlinear
drive corresponding to the quadratic term in Eq. (4) that
results in essentially the same model as the one we con-
sider in this paper.

Temperature profile corrugations are a feature of E×
B staircases, which are mesoscale structures that have
been observed to spontaneously self-organize in tokamak
plasmas18. Staircases consist of a quasi-periodic pattern
of E ×B shear layers equipped with corrugations, with
regions of strong avalanche activity in between. Guo
and Diamond (2017) showed that the global effect of
the staircase pattern is bistability in the turbulence inten-
sity. This bistability may result in a hysteresis when the
system is subjected to an external flux (see Sec. III C);
the branches of this hysteresis are determined by global
features of the profiles. This differs from the hystere-
sis associated with a localized internal transport barrier,
whose branches are determined by local variables and
their gradients. As we will argue, the same threshold be-
havior that induces global hysteresis results locally in a
size threshold for slugs of turbulence, which in turn helps
explain the ubiquitous presence of avalanches in the steps
of the E×B staircase.

We will show that the bistable model has several at-
tractive features, especially relative to the Fisher model.
In addition to addressing subcritical turbulence, it also
predicts significantly stronger penetration of turbulence
into a linearly stable zone, thus achieving stronger nonlo-
cality. The additional nonlinear drive results in propaga-
tion of the turbulence intensity at constant speed through
the stable zone, rather than exponential decay over a fi-
nite depth, as long as the linear damping is sufficiently
weak. Moreover, the model predicts turbulence prop-
agation in the relevant marginal and weakly subcritical
regimes, in addition to the obvious case of supercritical-
ity. As mentioned above, there is a (double) threshold
— in intensity and spatial size — for the spreading of an
initially localized slug of turbulence in a subcritical sys-
tem. We derive the size threshold by a simple but novel
physical argument, based on a competition between local
growth and outward diffusion of turbulence in the slug.
We argue that this threshold behavior signals that suffi-
ciently strong, intermittent local fluctuations can propa-
gate and excite turbulence on much larger scales. This
captures an essential feature of avalanching.

In Sec. II, the Fisher model is reviewed and its key
results are presented. In Sec. III A, the bistable model
is introduced and the underlying physics is discussed.
In Secs. III B–III D the model is analyzed; parameter
regimes, stable points, free energy, hysteresis, and trav-
eling wavefront solutions are discussed. In Sec. III E, the
threshold for spreading of a slug is derived and implica-
tions are discussed. Finally, in Sec. IV, the propagation
of turbulence into a bistable system with weak damping
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is considered, and it is shown that the propagation is bal-
listic.

II. FISHER MODEL

We begin by introducing and reviewing the relatively
familiar unistable model for turbulence spreading, which
is a reaction–diffusion equation with a stabilizing non-
linearity and nonlinear diffusion. Explicitly, the model
equation is

∂t I = γ0I− γnlI1+β +∂x(D(I)∂xI), (5)

where I is the turbulence intensity and D(I) =D0Iβ , with
β ' 1/2 characteristic of strong turbulence and β ' 1
characteristic of weak turbulence19. Throughout this
work, we will take β = 1 so that the nonlinearity in I
is quadratic and D(I) = D0I. γ0 and γnl are, respectively,
linear and nonlinear growth rates. (We note in passing
the possibility of a convective term vg∂xI due to group
velocity effects, but this can be removed by a Galilean
transformation to the comoving frame3. However, if
the system is inhomogeneous, the coefficients in Eq. (5)
become time-dependent under that transformation; this
may have unexplored consequences, for example, in the
system considered in Sec. III F.)

The first term on the RHS (∝ I) represents local lin-
ear turbulence growth or damping, the second (∝ I1+β )
represents local nonlinear saturation, and the third repre-
sents nonlinear diffusion of the turbulence energy. γnl
includes contributions from both zonal flow shear and
mode–mode coupling effects. The nonlinear diffusion
term arises as a consequence of nonlinear E × B cou-
pling of modes, by using a closure of the E×B convec-
tive nonlinearity20 that treats the small modulation scale
and large envelope scale on an equal footing:

∑
k′
(k·k′× ẑ)2|φ̃k′ |2R(k,k′)Ik→−

∂

∂x
Dx(I)

∂

∂x
Ik+kk : DIk,

(6)
where R is a resonance function that determines the
correlation time, Dx = ∑k′ k′2y |φ̃k′ |2R(k,k′), and D =

∑k′ diag(k′2x ,k
′2
y )|φ̃k′ |2R(k,k′). The first term is the radial

nonlinear diffusion and the second represents local non-
linear transfer.

Up to the nonlinearity in the diffusion, Eq. (5) is
known as the Fisher–KPP (for Kolmogorov, Petrovskii,
and Piscounov) equation, or simply the Fisher equation,
and is used in a number of applications including chem-
istry and population dynamics21. Equation (5) can also
be derived via a Fokker–Planck formalism, in which
case, the nonlinear diffusion results from a random walk
in intensity7. It is worth noting that such an approach re-
quires the local transition pdf (i.e. the probability for the
intensity to take a “step” of a certain size) to have a finite
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FIG. 1: An initial fluctuation in the Fisher model will
grow into a wave and spread if γ0 > 0 or decay to 0 if

γ0 < 0.

second moment; relaxing this assumption would demand
a fractional kinetic model.

When γ0 > 0, Eq. (5) has an unstable fixed point at
I = 0, representing a state of low or vanishing turbulence,
and a stable fixed point at I = γ0/γnl , representing a sat-
urated state of finite turbulence. The latter corresponds
to the standard mixing-length estimate for the saturation
level. If there is instead linear damping (γ0 < 0), the tur-
bulent root becomes negative and unphysical, while the
laminar root at I = 0 becomes stable. The basic dynamics
of this system, illustrated in Fig. 1, are as follows: When
γ0 > 0, perturbations develop into asymptotic traveling
waves connecting the two roots, which spread outward
at constant speed22,23

c =

√
D0γ02

2γnl
. (7)

Note that the nonlinear diffusion contributes a steepening
term ∼ (∂xI)2 and a smoothing term ∼ I∂ 2

x I. Since the
latter vanishes when I = 0, the fronts formed are sharp,
with a discontinuity in the spatial derivative of the inten-
sity profile at I = 0.

Thus, we have ballistic turbulence spreading in the su-
percritical regime. If instead γ0 < 0, any perturbation
from I = 0 — a turbulent fluctuation, for instance — will
decay to linear order like e−|γ0|t .

This exponential decay of turbulence in the subcriti-
cal regime suggests that, according to the Fisher model,
turbulence is strongly damped in the stable zone. One
can verify this by considering the spreading of turbu-
lence from a linearly unstable zone to a linearly stable
zone. This can be modeled with the system{

∂t I = γgI− γnlI2 +∂x(D0I∂xI), x < 0
∂t I =−γdI− γnlI2 +∂x(D0I∂xI), x > 0.

(8)

The fixed points of the model can be solved for analyti-
cally. A traveling wave of turbulence propagating from
the left will penetrate a finite depth λ into the stable re-
gion, forming a stationary, exponentially decaying inten-
sity profile (Fig. 2). The penetration depth is on the order
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FIG. 2: A Fisher wave front develops in the unstable
zone (a) and penetrates a short depth into the stable
zone, asymptotically forming a stationary intensity

profile (b).

of the turbulence mixing length,

λ ∼

√
D0

γnl
+O

(
log

γg

γd

)
, (9)

assuming γg & γd
7. For typical gyro-Bohm diffusive scal-

ing of D0 and γnl , one then expects λ0 to be on the or-
der of a few ρi. This is very weak penetration, and it
calls into question the efficacy of turbulence spreading in
a Fisher model as a mechanism of delocalization, espe-
cially when one considers clear experimental evidence of
fluctuations even in stable regions of the plasma24. This

observation, coupled with the need for a model that can
support subcritical turbulence, motivates the search for a
new model.

III. BISTABLE MODEL

A. Introduction of the model

We now replace the Fisher model with a bistable one.
The simplest generalization is of the form

∂t I = f (I)+∂x(D(I)∂xI), (10)

where we again take D(I) = D0I, and the reaction func-
tion f (I) is now bistable in some parameter regime. The
lowest order polynomial that meets this criterion is cubic,
so we take

f (I) = γ1I + γ2I2− γ3I3, (11)

where γ2 and γ3 are assumed to be positive. This is sim-
ilar to the Fisher model in that it includes linear turbu-
lence drive and nonlinear saturation (the cubic term), but
it also includes an intermediate nonlinear instability term
(∝ I2). (It is worth noting that the cubic nonlinearity is
just a model intended to encapsulate any and all non-
linear damping effects, including transfer to dissipation,
resonance effects, etc.) This is by no means the only
choice for f , but it is attractive for its simplicity—it is
the minimal model for subcritical turbulence spreading.
It is also closely related to the well-studied FitzHugh–
Nagumo equations originally used to model neuron ac-
tivation. In this paper, the model is used as generic and
phenomenological, as it captures the basic dynamics of
any bistable turbulence spreading system. Using typical
drift-wave scalings, one anticipates the γi to be roughly
on the order of the diamagnetic frequency ω∗ and the
diffusivity D0 to be on the order of the gyro-Bohm diffu-
sivity χGB ∼ ρ2

i cs/a.
Alternatively, we can arrive at the same model by

way of a more concrete, theoretical approach. Compare
Eqs. (10) and (11) with the intensity equation derived by
Guo and Diamond17:

∂t I = γ0(〈A〉−AC)I + γ0〈A〉
(

D0

χneo + |χm|

)1/2

I3/2− γnlI2 +∂x (D1I∂xI) . (12)

First, note that there is no essential difference in form
between these equations. For example, taking I → I2

in Eq. (12) results in a nearly identical cubic equation,
differing only by unimportant O(1) factors leading the
terms contributed by the diffusion. The first term on the

RHS of Eq. (12) is the linear gradient drive under the
critical gradient hypothesis: A denotes −∂xT so that 〈A〉
and AC are the mean and critical temperature gradients,
respectively. The third term is the usual nonlinear satu-
ration, with γnl the nonlinear damping rate. The fourth
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term, again, represents nonlinear diffusion of turbulence
due to mode coupling, so that D1I is the nonlinear in-
tensity diffusivity. The terms listed thus far correspond
closely to those in the Fisher model equation.

The crucial second term, which gives rise to bistabil-
ity, is an effect due to mesoscopic corrugations in the
temperature profile, which have been observed in gyroki-
netic simulations25. One way these corrugations can be
induced is by inhomogeneous turbulent mixing, which
occurs due to reduced turbulent heat flux in the zonal
flow shear layer. In turn, this forces heat to accumulate
near the shear layer. Equivalent to this accumulation,
there is a mesocale upgradient heat flux Q̃T,m = χmÃm,
where Q̃T,m is the mesoscale turbulent heat flux, χm is
a negative thermal conductivity, and Ãm is the mesoscale
temperature gradient fluctuation. The local accumulation
of heat steepens the local temperature gradient and, near
marginal stability, can cause it to exceed the critical gra-
dient (Fig. 3). This, in turn, nonlinearly drives growth
of the turbulence intensity. The nonlinearity results be-
cause the turbulence itself drives fluctuations in the mean
square temperature gradient, creating a feedback. In par-
ticular, we have the Zel’dovich relation

〈Ã2
m〉=

D0〈A〉2

χneo + |χm|
I, (13)

where Ãm is the mesosopic temperature gradient fluctu-
ation, D0 is the turbulent conductivity (so that the mean
turbulent heat flux is 〈QT 〉 = D0I〈A〉), and χneo is the
neoclassical heat conductivity. This last result can be ob-
tained by multiplying the temperature evolution equation

∂tT +∇ ·QT = ∂x(χneo∂xT )+Sδ (x) (14)

(here S is the heating source) by T , averaging over micro-
timescales and mesoscales, and substituting the above
expressions for 〈QT 〉 and Q̃T,m.

It is also worth noting the similarity of our model to
some models for the onset of turbulence in pipe flow26,27,
as well as the Landau–Ginzburg model of Gil and Sor-
nette (1995) for avalanching in sandpiles28. The latter
model includes an order parameter S that controls the ac-
tivity of sand grains and a local sandpile height h, whose
dynamics are described by

∂tS = γ

((
(∂xh)2

(∂xhc)2 −1
)

S+αS3−S5
)

(15)

∂th = D∂x(S2
∂xh), (16)

where γ,α,D are parameters and ∂xhc is the critical gra-
dient beyond which grains begin to topple. S, which also
obeys a bistable dynamical equation, thus plays the role
of the turbulence field I. ∂xh, which is analogous to a
driving temperature (or density) gradient, controls the
linear drive. The dynamics of h resemble that of a turbu-
lent heat equation. Including nonlinear diffusion of the

FIG. 3: Profile corrugations (‘bumps’ or ‘voids’) can
cause the critical gradient to be locally exceeded. This
leads to an additional nonlinear mesoscale turbulence

drive and causes the turbulence intensity to be bistable.

field S would then yield a simple extension of our model
that includes evolution of the local gradient by turbulent
diffusion of heat. Such an extension obviously reduces to
our model in the limit when the heat diffusion timescale
is much longer than the timescales associated with the S
dynamics, i.e. D� γ/(∂xhc)

2 and D� D0, where D0 is
the nonlinear turbulence intensity diffusivity. Less ob-
vious is the fact that it essentially reduces to our model
in the opposite limit. See Appendices A–B for further
discussion).

B. Fixed points and free energy

We now proceed with an analysis of the model. Con-
sider the uniform fixed points of Eq. (10), i.e. the roots
of the polynomial f . Assuming γ2

2 > −4γ1γ3, there
is one root at I = 0 and a pair of roots at I = I± =

(γ2±
√

γ22 +4γ1γ3)/2γ3. The root at I = I+, represent-
ing a saturated “high turbulence” state, is always stable.
Note that it is nonzero, i.e. the system can be excited to
turbulence, even at marginal linear stability γ1 = 0.

If the system is linearly damped (γ1 < 0), the root at
I = 0 (“low turbulence”) is stable and the root at I = I−
is unstable. If, on the other hand, there is linear growth
(γ1 > 0), the root at I = 0 becomes unstable, and the root
at I = I− becomes negative and is no longer physical.
The latter scenario is qualitatively similar to an unsta-
ble Fisher system, while the former is bistable and ex-
hibits different dynamics. We focus our attention on the
bistable case; see Table 1 for a summary of the various
parameter regimes.
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TABLE I: Summary of features of the various parameter regimes in the cubic model. Unphysical roots (I < 0) are
ignored.

Regime Stable roots Unstable roots Fronts? Comments
γ1 > 0 I+ 0 forward-propagating similar to Fisher with γ0 > 0
γ1 < 0, |γ1|γ3/γ2

2 < 15
64 0, I+ I− forward-propagating α < α∗; turbulent root abs. stable

γ1 < 0, 15
64 < |γ1|γ3/γ2

2 < 1
4 0, I+ I− receding α > α∗; turbulent root metastable

γ1 < 0, |γ1|γ3/γ2
2 > 1

4 0 none none similar to Fisher with γ0 < 0

α 1
I

f (I)

FIG. 4: Typical plot of the cubic reaction function f (I)
in the bistable regime

Transforming I→ I+I and redefining

|γ3|I+2→ γ, (17)
I−
I+
→ α, (18)

I+D0→ D (19)

yields the simplified equation

∂t I = f̃ (I)+∂x(D̃(I)∂xI), (20)

where f̃ (I) = γI(1− I)(I−α) and D̃(I) = DI (we will
drop the tildes henceforth). This bistable, rescaled ver-
sion of f (I) is plotted in Fig. 4. The remaining di-
mensional parameters γ and D can also be scaled out
of the problem via the transformation x → (D/γ)1/2x
and t → t/γ , which provides the natural length and time
scales of the model.

The unstable root α , which lies in the open interval
(0,1), increases with γ1, and γ3 and decreases with γ2.
Generally speaking, α measures the stability of the lam-
inar root. In fact, when α exceeds a critical value α∗, the
system transitions from a weakly stable to a strongly sta-
ble state. To understand this, it helps to rewrite the model
equation in variational form

D(I)∂t I =−
δF

δ I
(21)

with Lyapunov functional

F [I]≡
∫

dx
[

1
2
(D(I)∂xI)2−

∫ I

0
dI′D(I′) f (I′)

]
. (22)

We have by an elementary calculation that

dF

dt
≤ 0 (23)

at all times.
F may be identified as a kind of free energy associ-

ated with the turbulence field, the dissipation of which
governs the nonequilibrium dynamics. The first term in
the integrand is a “kinetic” term due to the flux of turbu-
lence intensity D(I)∂xI, and the second a “potential” term
due to the local growth of the turbulence intensity. The
free energy is minimized by gradient descent, at a local
rate given by the inverse of the nonlinear diffusion D(I).
Equation (21) can also be seen as an infinite-degrees-of-
freedom generalization of the equation of motion

Dαβ

∂xβ

∂ t
=− ∂V

∂xα

(24)

for an inertia-free particle in a potential V (x) with (diag-
onal) viscous damping tensor Dαβ .

The potential

V (I) =−
∫ I

0
dI′D(I′) f (I′) (25)

has minima at I = 0,1 and a maximum at I = α . The
value of α governs which of the minima is absolutely
stable: below α∗ = 3/5, the laminar root is metastable
and the turbulent root is absolutely stable, while above
α∗ the reverse is true (see Fig. 5).

C. Hysteresis

The potential barrier at the unstable root I = α leads
to a local threshold for the spreading of a turbulent slug
(see Sec. III E). There is also a global threshold, which
can result in hysteresis when the system is subjected to
an external source/sink. In the laminar state, applying
a heat flux larger than a forward threshold will induce a
transition to the turbulent state. Likewise, in the turbulent
state, reducing the flux below the backward threshold
will induce a transition back to the laminar state. These
thresholds are generally unequal, leading to hysteresis.
The fluctuation level I corresponds to a mean global heat
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FIG. 5: Behavior of potential V (I) for various α and uniform I. Below α∗, the laminar state I = 0 is only metastable
as the true minimum is at the turbulent state I = 1. Above α∗, I = 1 is metastable and I = 0 is absolutely stable.

flux |Q|= D0I|〈∂xT 〉|, where here D0 ∼ χGB is the turbu-
lent thermal diffusivity. Neglecting the neoclassical flux,
the forward threshold occurs at the unstable root

|Q f or|= D0I−|〈∂xT 〉|. (26)

When this threshold is exceeded, the mean flux will
evolve to a steady state |Q| = D0I+|〈∂xT 〉|. Thus, to in-
duce a back-transition, the flux must be reduced by a
value

|Qback|= D0(I+− I−)|〈∂xT 〉|. (27)

The strength of the hysteresis is then computed as

|Qback|− |Q f or|
|Q f or|

= 1−2
I−
I+

= 1−2α. (28)

Curiously, if 0.5 < α < 0.6, the hysteresis has negative
strength — the flux required to induce a back-transition
is weaker than that to induce a forward transition — de-
spite the turbulent root being absolutely stable. This does
not occur in the case of linear diffusion, in which case
α∗ = 0.5.

Employing the Guo–Diamond model yields, in the
weakly subcritical regime,

I+ '
γ2

0 〈A〉2

γ2
nl

D0

χneo + |χm|
(29)

I− ' ε
χneo + |χm|

D0
, (30)

where ε ≡ 1− 〈A〉Ac
. The hysteresis strength near marginal-

ity is then 1−2ε

(
γ0〈A〉

γnl

D0
χneo+|χm|

)2
.

The transition at α∗ is reminiscent of a barrier transi-
tion, in that it signals a reduction of turbulent transport
in the system and can be induced by E ×B shear flow,
which contributes to the linear damping in the system.

Experiments of Inagaki et al.29 on the Large Helical
Device purported to demonstrate hysteresis in both the
fluctuation intensity and heat flux with respect to the lo-
cal temperature gradient (Fig. 6). The claimed hystere-
sis was global and occurred in the absence of an internal
transport barrier; this would suggest a bistable S-curve
relation between the gradient and the turbulence intensity
and directly support our model. However, in our view,
the claim of hysteresis was insufficiently substantiated,
and the results can be well-explained by an instantaneous
dependence of the intensity on the input power.

We strongly suggest further experiments in the vein of
Inagaki et al. (2013) which more clearly demonstrate and
characterize the turbulence bistability. Greater resolution
of the dependence of the fluctuation intensity on the input
power is necessary to determine if there is any threshold
behavior in the system, and a more careful study of the
relaxation after the ECH is turned off would help clarify
the stability of the state excited by the ECH. Informa-
tion about the fluctuation spectrum and spatial correla-
tions and simultaneous measurements of the zonal flow
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FIG. 6: Experiments of Inagaki et al. (2013) purported
to demonstrate hysteresis in the fluctuation intensity and

heat flux with respect to the temperature gradient.
Pictured are the intensity (a) and flux (b) as a function of
the gradient, subject to an ECH source which is turned

on and then off. Reproduced with permission from
Nuclear Fusion 53, 113006 (2013). Copyright 2013

IAEA, Vienna.

pattern would also be very interesting for determining
how the system evolves as we move around the hystere-
sis loop.

D. Traveling fronts

Similar to the Fisher model, in the supercritical case
γ1 > 0, there are traveling, constant speed wavefront so-
lutions in this model which connect the laminar and tur-
bulent roots. However, unlike in the Fisher model, such
waves also exist in the case γ1 < 0, as long as the sys-
tem is bistable (i.e. with sufficiently weak damping)30.
That is, this model permits subcritical spreading of tur-
bulence. This is more physically realistic, for in a super-
critical zone and in the presence of any noise, one expects
the turbulence to be in a saturated state to begin with.

The waves propagate with constant speed of order c∼√
Dγ =

√
I+3D0γ3, as can be surmised by dimensional

analysis. Near marginal linear damping, we have c ∼√
D0γ̃, where γ̃ = γ2

3/γ3
2.

The sign of the speed determines whether turbulence
spreads or recedes. It can be found by writing I(x, t) =
I(z), where z = x−ct, multiplying Eq. (20) by D(I)I′(z),

FIG. 7: Comparison of numerically obtained front
propagation speed c vs. unstable root α (data from31),

compared with Mornev–Pedersen analytical
approximation (32), for α < α∗.

and integrating, which shows that

c
∫

∞

−∞

D(I(z))I′(z)2 dz =
∫ 1

0
D(I) f (I)dI, (31)

and thus the sign of c is given by the sign of the integral
on the RHS. In the linear diffusion case (D(I) = const),
this becomes an equal-area rule for f , so the propagation
direction is given by a kind of generalized Maxwell con-
struction. This integral is (up to a sign) the same as the
potential identified in Sec. III B, and one finds that the
speed switches sign when α = α∗, in agreement with the
intuition developed in the free energy picture.

An exact expression for the wave speed does not ap-
pear to be known, but for α < α∗ (positive wave speed)
there is an excellent variational principle-based approx-
imation due to Pedersen31 (following Mornev32), which
gives (in units of

√
Dγ)

c≈− λV (1)√
2〈V 〉−V (1)

= λ

(
1

10
− α

6

)(
15

1−α

)1/2

,

(32)
where λ ≈ 1.17 is a chosen O(1) factor and 〈V 〉 =∫ 1

0 dIV (I). This approximation is compared to numeri-
cal results for α < α∗ in Fig. 7.

E. Threshold for spreading

A classic question in turbulence theory, important to
the larger problem of the transition from laminarity to
turbulence, asks under what conditions an initially lo-
calized spot or slug of turbulence will spread. In this
bistable model, assuming α < α∗, a slug of turbulence
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FIG. 8: A slug will either grow into a wave (a) or
collapse (b) depending on its “size.” These numerical

solutions, which differ only in the width of the
(Gaussian) initial condition, were obtained at α = 0.3

using the MATLAB routine pdepe. x is in units of D/γ

and t is in units of γ−1.

(i.e. some localized perturbation from I = 0) must exceed
simultaneous amplitude and spatial size thresholds in or-
der to grow into a traveling wave front and spread; other-
wise it will collapse to I = 0, like e−|γ1|t (see Fig. 8). (If
α > α∗, there is a reverse situation where a sufficiently
large negative perturbation from I = 1 can “grow” into
a wave of receding turbulence.) Numerical solutions of
Eq. (20) suggest that there is no other possibility for the
asymptotic behavior. There exists a family of nontrivial
standing wave solutions, but these are linearly unstable
to perturbations, as can be shown by standard arguments
— see Appendix C.

It remains to estimate the threshold. The amplitude
threshold is clear: The perturbation must exceed I = α at

α 1
I

γeff (I)

FIG. 9: The effective local linear growth, γeff, as a
function of local turbulence intensity.

some point or else the effective local linear growth γeff =
(I−α)(1− I) will be negative everywhere (see Fig. 9).

A quantitative study of the size threshold does not ap-
pear to have been made previously. To estimate it, as-
sume for simplicity that the initial condition is smooth
and even, and that it has a single associated lengthscale
(say the FWHM) L and a single maximum I0 at x = 0.
Consider the “cap” of the initial condition, i.e. the part
exceeding I = α, as shown in Fig. 10. The threshold is
determined by a competition between the outgoing dif-
fusive flux from the cap and the total nonlinear growth
of the turbulent intensity within the cap. The turbulent
mass diffused out of the cap will enter a region where
γeff is negative and will be dissipated. This competi-
tion is suggested by the form of the Lyapunov func-
tional, Eq. (22) — indeed, if the potential term is larger
than the kinetic term and F [I] < 0, the initial data must
grow due to the monotonicity of F , since F [I = 0] = 0
and F [I = 1] = −∞. The competition sets a minimum
lengthscale for spreading

√
D/γ . Thus, diffusion both

drives the “avalanche” by providing the spreading mech-
anism and inhibits it by increasing the threshold size of
the slug.

We now write I′′(0) =−I0/L2 (assume this derivative
is nonzero). This effectively defines the lengthscale L. In
the cap, we have

I(x) = I0−
I0

2L
x2 +O(x4) (33)

and I(x) crosses I = α at ±x0, where

x0 '

√
2
(

1− α

I0

)
L. (34)

We now integrate Eq. (20) from -x0 to x0. Expanding∫ x0

−x0

dx f (I)'
∫ x0

−x0

dx
[

f (I0)−
I0

2L2 x2 f ′(I0)

]
(35)

= 2x0 f (I0)−
I0

3L2 x0
3 f ′(I0), (36)
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FIG. 10: The “cap” of an initial condition. The
competition between nonlinear turbulence growth in the

cap and diffusive flux out of the cap at x =±x0
generates a threshold lengthscale for growth of the
initial condition. Reproduced from Heinonen and

Diamond, Physics of Plasmas 26, 030701 (2019), with
the permission of AIP Publishing.

one finds that the turbulent mass in the cap, I ≡∫ x0
−x0

dxI, evolves as

∂tI ' 2 f (I0)x0−
I0

3L2 x0
3 f ′(I0)−

2D(α)I0x0

L2 , (37)

The mass in the cap thus grows initially if

L & Lmin =

√
D(α)I0

f (I0)− 1
3 (I0−α) f ′(I0)

(38)

=

√
3DαI0

γ(I0−α)((1−2α)I0 +α)
. (39)

In particular, we recover power law behavior Lmin ∼
(I0−α)−1/2 near the amplitude threshold, I0 & α . The
above estimate agrees well with numerical solution of the
PDE—see Fig. 11.

This argument breaks down for α > α∗, in which case
(empirically speaking, according to numerical solutions)
compactly supported initial conditions will always col-
lapse eventually, regardless of whether they exceed the
above threshold. This is unsurprising, as in this regime
it is impossible to form a traveling wave with positive
speed. The assumption that initial growth of the cap
guarantees asymptotic spreading, implicitly made above,
is certainly no longer reasonable.

The physical consequences of this double threshold
in the MF plasma system are of interest. In the regime
where α > α∗, the lengthscale threshold is effectively
infinite; the system acts as if properly linearly damped
and is stable to turbulent fluctuations. For smaller α ,
things are more interesting. In order for an initially lo-
calized slug to spread, it must have peak intensity I >

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
I
0

0

5

10

15

L
m

in

theory

I
1

I
2

I
3

FIG. 11: Numerically obtained lengthscale threshold
Lmin(I0) at α = 0.3 for three different functional forms

for the initial data: I1 = I0 exp(−x2/L2) (red),
I2 = I0/(1+ x2/L2) (blue), and I3 = I0(1− x2

L2 )

supported on |x|< L (green). The numerical results are
compared with Eq. (38) (solid line). Lmin is expressed in

units of
√

D/γ. Reproduced from Heinonen and
Diamond, Physics of Plasmas 26, 030701 (2019), with

the permission of AIP Publishing.

I−, and it must be correlated over a length ` & Lmin ∼
(D0/γ3I+)1/2.

How might this threshold be exceeded in a real sys-
tem? One possibility is noise. In the weak linear damp-
ing limit |γ1| � γ2

2/γ3, we have

I− ∼
|γ1|
γ2

(40)

and

Lmin ∼
(

D0

γ2

)1/2

∼
(

χGB

ω∗

)1/2

∼ ∆c, (41)

where ∆c is the correlation length of the turbulence. |γ1|
γ2

is small in this limit, and ∆c is the smallest lengthscale
of interest, so these are meager constraints. This sug-
gests front propagation may be triggered by noise near
the marginal stability threshold. One possibility for a
noise term is of the form (I(x, t) + I0)η(x, t), where η

is Gaussian white noise. Here I0 represents a small back-
ground, say due to sub-ion scale turbulence. The mul-
tiplicative noise ∝ I(x, t) is a simple, reasonable choice
that (correctly) vanishes in the absence of fluctuations.
Numerical solutions of the stochastic PDE (SPDE), i.e.
Eqs. (10) and (11) with the noise term, with initial data
I(x, t = 0) = 0, indicate that small slugs of turbulence
will spontaneously form and grow as a result of the mul-
tiplicative noise. As compared to linear diffusion ∝ ∂xxI,
the nonlinear diffusion is ineffective at smoothing out the
slugs because the term ∝ I∂xxI vanishes at small ampli-



11

0 5 10

0

0.05

0.1

0 5 10

0

0.05

0.1

0 5 10

0

0.5

1

0 5 10

0

0.5

1

FIG. 12: Snapshots of numerical solution of the SPDE
on a box of size L = 10, using a semi-implicit Milstein

method35. We choose the parameters
α = 0.05,D = 1,γ = 10, I0 = 0.01, and 〈η2〉= 0.04 and

use a homogeneous Neumann boundary condition.
Localized slugs of turbulence spontaneously grow over

time until they exceed threshold (dashed red line), at
which point then grow into a noisy front. Eventually, the

entire system is saturated.

tude. Close to marginality, slugs can exceed the thresh-
old and form a propagating front. This is consistent with
the bursty, intermittent character of avalanching. Note
that the turbulence transition in pipe flow is similarly
intermittent34. This behavior is illustrated in Fig. 12, a
numerical solution to the SPDE on a box of size L = 10
with α = 0.05,D= 1,γ = 10, I0 = 0.01, and 〈η2〉= 0.04.

Another possibility, specific to the E × B staircase,
is that slugs can grow at temperature corrugation lo-
cations due to local exceedance of the linear stability
threshold17. We suggest that if they reach a critical size
corresponding to Eq. (38), they may cascade into the
steps of the staircase via nonlinear instability, causing an
avalanche. Indeed, avalanche activity between the corru-
gations is seen in simulations36.

F. Analysis: penetration into a bistable zone

We now consider the spillover of turbulence into the
linearly stable zone. In analogy to the Fisher case, we
take{

∂t I = γgI + γ2I2− γ3I3 +∂x(D0I∂xI), x < 0
∂t I =−γdI + γ2I2− γ3I3 +∂x(D0I∂xI), x > 0

(42)

with all the γ’s positive and γd < γ2
2/4γ3. This models

the spreading of turbulence as it passes from a weakly su-
percritical region to a weakly subcritical one, in the pres-
ence of a bistability-inducing effect (such as temperature

corrugations). It can also be seen as modeling avalanche
penetration into a subcritical region.

For initial conditions supported on x < 0, a traveling
wave with turbulence amplitude A = lim

x→−∞
I(x− ct) =

(γ2 +
√

γ22 +4γgγ3)/2γ3 will develop in the unstable
zone, which will eventually penetrate the linearly stable
zone x > 0.

Generally speaking, when α < α∗ the bistable zone
will behave roughly like a linearly unstable Fisher sys-
tem, and when α > α∗ it will behave roughly like a lin-
early stable Fisher system, consistent with the picture de-
veloped in the preceding sections.

In particular, since the wave amplitude A must be
greater than the value of the unstable root I− in the
stable zone, one expects for γd < 15γ2

2

64γ3
(i.e. α < α∗,

which is most of the acceptable range for γd) that a sec-
ond traveling wave with reduced amplitude A′ = (γ2 +√

γ2
2 −4γdγ3)/2γ3 and reduced speed approximated by

Eq. (32).

For 15
64 < γdγ3

γ22 < 1
4 (α > α∗), the wave penetrates the

second region only a finite depth and forms a stationary
intensity profile. By direct integration and invocation of
continuity of I and ∂xI at x = 0, an exact expression for
the penetration depth λ may be obtained as an elliptic
integral, but we omit this calculation since the result is
fairly complicated, and the relevant parameter region is
very small.

The results of numerical solutions agree with these ex-
pectations. In Fig. 13, the turbulence profiles for γg =
0.1,γ2 = 0.2,γ3 = 0.1, and D0 = 1 are displayed. The
linearly damped region is bistable for γd < 0.1. As γd ap-
proaches the critical value 15γ2

2

64γ3
= 0.09375 from above,

the finite penetration depth into the linearly damped re-
gion increases. Below critical γd , a traveling wave in-
stead forms in the linearly damped region, with speed
consistent with Eq. (32) (see Fig. 14).

We conclude that the inclusion of a bistability-
inducing effect significantly enhances the spreading of
turbulence into a linearly stable zone—rather than pen-
etrating just a few correlation lengths, turbulence propa-
gates ballistically into the linearly stable region as long as
the system remains near marginal. This strongly delocal-
izes the flux-gradient relation. In particular, if the second
region is marginally subcritical (small γd), the propaga-
tion speed into the stable zone is of the order c ∼

√
D0γ̃

(as before), independent of γd . It should be noted that the
bistability is a result of global profile structure. The local
structure alone, then, is not enough to determine how far
the turbulence spreads.
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FIG. 13: Plot showing the penetration of a traveling
wave into the bistable region, for

γg = 0.1,γ2 = 0.2,γ3 = 0.1,D0 = 1 and several values of
the linear damping γd in the second region x > 0. When

the damping exceeds the critical value 0.09375, the
wave penetrates a finite depth and forms a steady

intensity profile as in the Fisher model, whereas below
this value, a new traveling wave is formed in the second

region.
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FIG. 14: The numerically obtained speed of traveling
wave in second region, for γd < 0.09375 and using the
same conditions as in Fig. (13). The result shows good

agreement with Mornev-Pedersen approximation31.

IV. DISCUSSION AND CONCLUSION

We have introduced and analyzed a new, simple model
for turbulence spreading. This model is similar to, but
improves upon, the more familiar Fisher equation-based
model in the ways listed below. Specifically, the model
we present:

1. correctly accounts for observations of subcritical

turbulence, which are incompatible with the super-
critical Fisher model,

2. predicts ballistic penetration of turbulence into a
linearly stable zone with weak damping, resolving
the issue that Fisher fronts penetrate feebly

and

3. resolves the issue that spreading in a Fisher model
is only possible in a linearly unstable zone, which
is dubiously physical in the presence of noise.

This model can be seen as phenomenological, but it has
a firm grounding in effects due to inhomogeneous mix-
ing and temperature corrugations, or (more generally) in
observations of subcritical turbulence.

Additionally, we have also:

4. shown that bistability admits spontaneous inter-
mittent propagation of turbulence, providing a dy-
namical mechanism for avalanching,

5. computed a quantitative estimate for the threshold
size of a turbulence pulse required to trigger such
an avalanche

and

6. forged a direct connection between turbulence
spreading and avalanching in sandpiles via the Gil
and Sornette model28, which is closely related to
ours.

These results, we believe, together a make substan-
tial inroad into answering the question: “What is an
avalanche?”

The estimate for the slug threshold should be testable
in simulation, gyrokinetic or otherwise, for example, by
initializing patches of turbulence of varying sizes in a sta-
ble zone or by analyzing simulations of the E×B stair-
case. Also of interest for future work would be a search,
via careful numerical studies, for ballistic spreading of
turbulence into a weakly damped stable zone, perhaps in
a similar setup to37. If found, this would indirectly con-
firm, or at least support, the presence of turbulence bista-
bility. However, care must be taken to disambiguate this
effect, due to nonlinear coupling, from spreading due to
gradient propagation.

This work provides a possible lens for understanding
the E×B staircase: The staircase, formed by inhomoge-
neous turbulent mixing, induces global bistability in the
turbulence. This bistability results in a local threshold
for turbulent slugs, which is expected to be intermittently
exceeded, producing the avalanche activity observed in
steps of the staircase.

Our model also makes a prediction of hysteresis due
to the global threshold behavior. We have computed
thresholds for external fluxes and hysteresis strengths.
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As discussed above, we strongly suggest more experi-
ments similar to Inagaki et al. (2013) be conducted to
test this important prediction.

As already noted, this model is similar to models for
the transition to turbulence in pipe flow. Pomeau27,38

argued that the transition to fluid turbulence requires
subcritical bifurcation in order to allow for the coexis-
tence of turbulent and laminar domains. He suggested a
bistable reaction-diffusion equation with noise as a sim-
ple model for the local fluctuation amplitude. It is not
surprising, then, that the transition to fluid turbulence is
marked by intermittent bursts34. These can be seen as
avalanches, triggered by the spontaneous growth of tur-
bulent domains to a critical size.

Finally, it is important to acknowledge that a complete
model for turbulence spreading must include coupling to
zonal flows and address the effects of spreading on pro-
files. Zonal flows are known to interact with and regu-
late turbulence in a predator–prey dynamic39, and it is
reasonable to expect that they would have a quenching
effect that allows the system to relax after being excited.
Recent work40 has addressed the question of the effect
of turbulence spreading on profiles. Results indicate that
spreading has a significant impact when the drive and
profile structure support a sustained and sharp intensity
gradient. One clear case of this is in H-mode in the turbu-
lent layer immediately adjacent to the pedestal. Spread-
ing allows a more robust saturation process, which actu-
ally yields an increased pedestal height. This translates
into an overall improvement in confinement. Future re-
search will focus on incorporating the effects of zonal
flow, as well as further studies of profile evolution.
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Appendix A: Reduction of Gil-Sornette model to our
model

Let us rewrite the Gil-Sornette model in an equivalent
form which makes the analogy to our model explicit:

∂t I = γ1

(
|∂xT |

gc
−1
)

I + γ2I2− γ3I3 +∂x(D1I∂xI)

(A1)

∂tT = ∂x(D2I∂xT ). (A2)

Note the addition of a spreading term. Clearly, in the
limit that the dynamics governing I are faster than those
governing T , ∂xT behaves as a constant in Eq. (A1), and
our model may be applied.

In the opposite limit where I is slaved to T , the steady
state local gradient is ∂xT ∝ 1/I, where the constant of
proportionality depends on boundary conditions. Plug-
ging this into Eq. (A1), the linear term becomes c− γ1I
for some constant c. If c is zero, we exactly recover
the linearly damped case of our model. Otherwise, it
represents a generalization which includes a turbulence
source/sink. Analysis of such a model is more compli-
cated, but the qualitative features should be quite similar.

Appendix B: Variational form of Gil-Sornette model and
reduction to our model

One naturally wonders if the sandpile model of Gil
and Sornette can be expressed, in analogy to Eq. (21),
in terms of the (monotonic) dissipation of a Lyapunov
functional. This does not appear to be precisely the case,
but instead we may write

∂tS = γ
δF

δS
(B1)

∂th =−D(∂xhc)
2 δF

δh
(B2)

with

F =
∫

dx
[

1
2

(
(∂xh)2

(∂xhc)2 −1
)

S2 +
1
4

αS4− 1
6

S6
]
,

(B3)
The asymmetry in the signs in Eqs. (B1) and (B2) is cru-
cial. Rather than monotonic evolution of F , we have

dF

dt
=
∫

dx
[

1
γ
(∂tS)

2− 1
D(∂xhc)2 (∂th)

2
]
. (B4)

A competition then becomes apparent: at fixed S, the h
dynamics works to minimize the gradient, and at a fixed
h profile, the S dynamics works to drive the system to a
fixed point of the quintic polynomial. These trends are
in mutual opposition. One can thus expect at least two
regimes with quite different dynamics, based on the rela-
tive magnitudes of the timescales (D(∂xhc)

2)−1 and γ−1.

Appendix C: Standing waves

A brief discussion of the standing wave states of the
model follows. We seek solutions I(x) to

0 = ∂x(D(I)∂xI)+ I(1− I)(I−α) (C1)

= D(I)I′′+D′(I)(I′)2 + I(1− I)(I−α) (C2)
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such that I(±∞, t) = 0. Writing F(I) = (I′)2 (so that I′′=
1
2 F ′(I)) and reducing the order yields

D(I)2F(I) = I2I′2 = 2I3
(

α

3
− 1+α

4
I +

I2

5

)
+C.

(C3)
The parameter C sets the behavior of the standing wave
when I vanishes; we require C ≥ 0.

We can find the closed-form solution if C = 0, i.e. for
a wave with nonsingular gradient at I = 0. Integrating
directly, one finds41

I0(x) = β− sn2

(√
β+

10
(x− x0),

√
β−
β+

)
(C4)

for arbitrary x0, where

β± =
5
8

(
α +1±

√
1− 34

15
α +α2

)
. (C5)

Here, sn is the Jacobi elliptic function. This wave is

periodic with period 2
√

10
β+

K
(√

β−
β+

)
, where K is the

complete elliptic integral of the first kind, but we can re-
strict the support to just one period so that it has a single
“hump.” It is even with appropriate choice of x0.

The standing waves are linearly unstable to perturba-
tions, as can be shown by the following argument. Write
I(x, t) = Ī(x)+ Ĩ(x, t), where Ī is a solution to Eq. (C1),
Ĩ is assumed to be small, substitute into Eq. (C1), and
linearize to obtain

∂t Ĩ = ∂xx
[
D(Ī)Ĩ

]
+ Ĩ f ′(Ī). (C6)

Now, make the ansatz Ĩ(x, t) = ψ(x)e−λ t , which trans-
forms Eq. (C6) into

−λψ = ∂xx [D(Ī)ψ]+ψ f ′(Ī), (C7)

which is a Sturm-Liouville equation for D(Ī)ψ. By trans-
lational symmetry (or direct substitution), ψ0 = ∂x Ī is
a solution with zero eigenvalue. Provided Ī is non-
monotonic as it is for I0 above, ψ0 has at least one zero,
so according to the theorems of Sturm-Liouville theory,
there must be another eigenfunction with no zeros and
with eigenvalue λ < 0, implying instability.
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