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@ Ghsduwphqw ri Sk|vlfv dqg Hqjlqhhulqj Sk|vlfv/ Xqlyhuvlw| ri Vdvndwfkhzdq
Vdvndwrrq/ V:Q 8H5/ Fdqdgd

Ghsduwphqw ri Sk|vlfv/ Xqlyhuvlw| ri Fdoliruqld dw Vdq Glhjr
Od Mrood/ FD <53<6/ XVD

]rqdo �rzv duh odujh vfdoh d}lpxwkdoo| v|pphwulf sodvpd srwhqwldo shuwxuedwlrqv vsrq0
wdqhrxvo| jhqhudwhg iurp vpdoo vfdoh guliw0zdyh �xfwxdwlrqv yld wkh dfwlrq ri Uh|qrogv
vwuhvvhv1 D srvlwlyh ihhgedfn lv surylghg gxh wr wkh prgxodwlrqv ri wkh zdyh sdfnhwv e|
wkh vkhdulqj h�hfw lq wkh odujh vfdoh �rz1 Dv d uhvxow/ wkh sursdjdwlrq ri vpdoo vfdoh zdyh
sdfnhwv lv dffrpsdqlhg e| wkh lqvwdelolw| ri d orz iuhtxhqf|/ orqj zdyhohqjwk frpsrqhqw1
Wkhuh duh wzr glvwlqfw uhjlphv ri wklv lqvwdelolw|= uhvrqdqw w|sh vkhdu �rz lqvwdelolw|/ zkhq
wkh vkhdu �rz lv lq wkh uhvrqdqfh zlwk wkh zdyh sdfnhw jurxs yhorflw|/ dqg frkhuhqw/ zkhq
wkh jurzwk udwh lv odujh frpsduhg wr wkh fkdudfwhulvwlf zlgwk ri wkh zdyh sdfnhw vr wkdw
gl�huhqw kduprqlfv jurz frkhuhqwo|1 Iru sodvpd �xfwxdwlrqv zlwk vljql�fdqw suhvvxuh �xf0
wxdwlrqv +vxfk dv lrq whpshudwxuh judglhqw gulyhq prghv, wkh Uh|qrogv vwuhvv lv prgl�hg
zlwk gldpdjqhwlf h�hfwv1 Lq d �qlwh � sodvpd wkh hohfwurpdjqhwlf h�hfwv jhqhudoo| dfw wr
uhgxfh wkh jurzwk udwh ri wkh }rqdo �rzv lqvwdelolw| gxh wr sduwldo frpshqvdwlrq ehwzhhq
ri wkh hohfwurvwdwlf Uh|qrogv vwuhvv dqg wkh hohfwurpdjqhwlf Pd{zhoo vwuhvv1 Lq jhqhulf
hohfwurpdjqhwlf wxuexohqfh/ wkh jhqhudwlrq ri wkh }rqdo �rzv fdq eh dffrpsdqlhg e| wkh
jhqhudwlrq ri wkh odujh vfdoh/ srorlgdoo| v|pphwulf/ pdjqhwlf �hog 0%}rqdo% �hog1 Frqwudu|
wr wkh fdvh ri wkh }rqdo �rz lqvwdelolw|/ zklfk grhv qrw uhtxluh dq| glvvlsdwlrq/ wkh jhqhu0
dwlrq ri }rqdo �hogv lv rqo| srvvleoh zkhq wkhuh lv d �qlwh glvvlsdwlrq vxfk dv wkdw gxh wr
wkh zdyh0sduwlfoh +Odqgdx, lqwhudfwlrqv1 Wkhuh lv d fhuwdlq dqdorj| ehwzhhq wkh vwuxfwxuh
ri Uh|qrogv vwuhvv lq wzr glphqvlrqdo pdjqhwl}hg sodvpdv dqg jhrvwursklf �xlgv/ vr wkdw d
vlplodu phfkdqlvp ri wkh }rqdo �rz lqvwdelolw| frxog dovr eh uhvsrqvleoh iru wkh jhqhudwlrq
ri phdq �rzv lq wkh dwprvskhuhv ri wkh urwdwlqj sodqhwv1
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Wkh wudqvihu ri zdyh hqhuj| wrzdugv wkh orqj zdyhohqjwk uhjlrq dqg wkh irupdwlrq ri
odujh vfdoh vwuxfwxuhv +}rqdo �rzv dqg frqyhfwlyh fhoov, lv d uhvxow ri wkh zhoo nqrzq lqyhuvh
fdvfdgh lq wzr0glphqvlrqdo dqg txdvl wzr0glphqvlrqdo �xlgv1��� Vxfk odujh vfdoh vwuxfwxuhv
duh iuhtxhqwo| revhuyhg lq wkh wxuexohqw prwlrqv ri sodvpdv dqg jhrvwursklf �xlgve�S +vhh
dovr uhihuhqfhv lq Uhi1 7/8,1 Wkh vwurqjo| vkhduhg �rz dvvrfldwhg zlwk vxfk orfdol}hg
vwuxfwxuhv ohdgv wr wxuexohqfh vxssuhvvlrq dqg hqkdqfhphqw ri frq�qhphqw lq d wrndpdn
wkdw kdv ehhq h{whqvlyho| vwxglhg/ erwk wkhruhwlfdoo| dqg h{shulphqwdoo|/ lq uhfhqw |hduv1.�2f

Lw dsshduv wkdw }rqdo �rzv2�c22 duh dq lpsruwdqw hohphqw ri guliw zdyh g|qdplfv uhjxodwlrq
dqg pd| vwurqjo| d�hfw dqrpdorxv wudqvsruw lq d wrndpdn1 ^]rqdo �rzv duh gh�qhg khuh
dv srorlgdo dqg wrurlgdoo| v|pphwulf +t5 @ tw @ 3, shuwxuedwlrqv zlwk d �qlwh udgldo vfdoh
t3�o odujhu wkdq wkh vfdoh ri wkh xqghuo|lqj vpdoo vfdoh wxuexohqfh/ to � no/ t lv wkh zdyh



yhfwru iru odujh vfdoh prwlrqv/ n lv wkh zdyh0yhfwru ri vpdoo vfdoh wxuexohqfh/ dqg u> �> dqg
} duh d{lv ri d vwudljkw f|olqgulfdo wrndpdn1` Uhfhqw dgydqfhv lq qxphulfdo vlpxodwlrqv ri
wrndpdn sodvpdv22 kdyh xqdpeljxrxvo| ghprqvwudwhg wkdw d fhuwdlq ohyho ri H�E �rz
+lq wkh srorlgdo gluhfwlrq, wuljjhuv d wudqvlwlrq wr d vwdwh zlwk juhdwo| uhgxfhg dqrpdorxv
wudqvsruw1 Wkh vxssuhvvlrq ri wkh wxuexohqfh e| wkh vkhduhg H�E �rz wkhruhwlfdoo|
lqyhvwljdwhg lq Uhiv1 44046 kdv dovr ehhq frq�uphg lq h{shulphqw1�e Wkhuh lv d fohdu
lqglfdwlrq wkdw }rqdo �rzv sod| d fulwlfdo uroh lq wkh g|qdplfv ri guliw zdyh wxuexohqfh dqg
lwv vhoi0uhjxodwlrq1 Wkh jhqhudo wkhru| ri }rqdo �rzv dqg wkh vhoi0uhjxodwlrq ri wkh guliw0
zdyh wxuexohqfh lq d wrndpdn kdv ehhq suhvhqwhg lq Uhi1 56 +vhh dovr hduolhu zrunv rq wkh
jhqhudwlrq ri }rqdo �rzv lq guliw dqg Urvve| zdyh wxuexohqfh2e���,1 Khuh/ zh uhylhz wkh
wkhru| ri }rqdo �rzv zlwk hpskdvlv rq wrurlgdo lrq whpshudwxuh judglhqw +WLWJ, gulyhq
wxuexohqfh dqg hohfwurpdjqhwlf h�hfwv1 Zh dovr dqdo|}h wkh srvvlelolw| ri wkh jhqhudwlrq ri
odujh vfdoh/ srorlgdoo| v|pphwulf/ pdjqhwlf �hog1 Ehfdxvh ri d vlplodulw| ehwzhhq htxdwlrqv
iru guliw zdyhv lq sodvpd dqg Urvve| zdyhv lq wkh urwdwlqj dwprvskhuhv/�e ghyhorsphqw ri
wkh wkhru| ri }rqdo �rzv lv dovr lpsruwdqw lq wkh jhrsk|vlfv frqwh{w1e�S
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Wr ghvfuleh wkh g|qdplfv ri d odujh0vfdoh sodvpd �rz wkdw ydulhv rq d orqjhu wlph
vfdoh frpsduhg wr wkh vpdoo0vfdoh �xfwxdwlrqv zh hpsor| d pxowlsoh vfdoh h{sdqvlrq wkxv
dvvxplqj wkdw wkhuh lv d vx�flhqw vshfwudo jds vhsdudwlqj odujh0vfdoh dqg vpdoo0vfdoh pr0
wlrqv1 Wkh hohfwurvwdwlf srwhqwldo lv uhsuhvhqwhg dv d vxp ri �xfwxdwlqj dqg phdq txdqwlwlhv
!+[>{>W >w, @!+[>W ,.h!+[>{>W >w,>zkhuh !+[>W , lv wkh phdq �rz srwhqwldo1 D vlplodu uhs0
uhvhqwdwlrq lv grqh iru rwkhu sodvpd sdudphwhuv vxfk dv suhvvxuh1

Wkh jhqhudwlrq ri wkh phdq �rz lv frqyhqlhqwo| ghvfulehg e| wkh wrwdo sodvpd prphq0
wxp edodqfh wkdw fdq eh zulwwhq dv�D
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Wkh uljkw kdqg vlgh khuh ghvfulehv wkh prphqwxp h{fkdqjh zlwk wkh hohfwurpdjqhwlf �hog
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Lq wkh hohfwurvwdwlf fdvh wkh h{fkdqjh zlwk hohfwurpdjqhwlf �hog lv qrw lpsruwdqw/ vr wkh
phdq �rz lv jhqhudwhg dv d uhvxow ri wkh prphqwxp dqg hqhuj| h{fkdqjh ehwzhhq wkh }rqdo
�rz dqg vpdoo vfdoh �xfwxdwlrqv12Sc�� Wklv kdv ehhq frq�uphg dovr e| gluhfw fdofxodwlrqv1�S

Lq wkh suhvhqfh ri wkh }rqdo �rz wkh sodvpd prphqwxp frqwhqw lv grplqdwhg e| wkh
vorz H�E guliw ri wkh lrq frpsrqhqw

q�p�y� @ q�p�y.  
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Zkhq lrqv duh pdjqhwl}hg wkh prphqwxp gulyh lv ghwhuplqhg e| wkh lrq Uh|qrogv vwuhvv
whqvru q�p�y�y� * q�p�hy.hy.= Wkhq
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Dyhudjlqj +7, ryhu wkh idvw/ vpdoo vfdohv/ zh rewdlq wkh hyroxwlrq htxdwlrq iru wkh phdq
�rz
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Khuh/ Ef lv wkh htxloleulxp pdjqhwlf �hog/ e @ Ef@Ef= Wkh hohfwurvwdwlf Uh|qrogv vwuhvv
+9, fdq eh zulwwhq lq wkh irup
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Diwhu dyhudjlqj ryhu wkh idvw vfdoh zh rewdlq lq wkh ohdglqj rughu
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zkhuh zh xvh u iru wkh ghulydwlyhv ryhu wkh vorz +odujh vfdoh, dqg C iru wkh ghulydwlyhv ryhu
wkh idvw +vpdoo vfdoh, yduldeohv1 Wklv jhqhudo h{suhvvlrq lv xvhixo iru lqyhvwljdwlrq ri }rqdo
�rz +u% 9@ 3/ u+ @ 3, dqg vwuhdphuv +u% @ 3/ u+ 9@ 3,=

Wkh prphqwxp h{fkdqjh ehwzhhq sodvpd dqg hohfwurpdjqhwlf zdyhv ehfrphv lpsru0
wdqw iru �xfwxdwlrqv zlwk d vljql�fdqw pdjqhwlf frpsrqhqw/ h1j1 Doiyhq zdyh �xfwxdwlrqv1
Wkhq wkh frqwulexwlrq ri wkh Pd{zhoo vwuhvv ehfrphv lpsruwdqw
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Lq wkh lghdo PKG rughulqj $ * n8y�> wkh frqwulexwlrq ri wkh Pd{zhoo vwuhvv gxh wr
pdjqhwlf �xfwxdwlrqv lv ri wkh vdph rughu dv wkh Uh|qrogv vwuhvv
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Wkhuh lv d frpsohwh fdqfhoodwlrq ehwzhhq wzr frpsrqhqwv lq sxuh Doiyhqlf vwdwh $ @ n8y�=

Lq d sodvpd ri wkh �qlwh whpshudwxuh/ wkh lrq Odupru udglxv h�hfwv ehfrph lpsruwdqw1
Wkh frqwulexwlrq ri vxfk h�hfwv lv ghvfulehg e| wkh ylvfrvlw| whqvru Q� +Z�,�.��b 1 Lq wkh
olplw ri d vpdoo exw �qlwh Odupru udglxv/ wkh ylvfrvlw| whqvru fdq eh dssur{lpdwhg e| wkh
vwdqgdug j|ur0ylvfrvlw| whqvru/efce� vhh dovr Vhfwlrq 81 Lq jhqhudo fdvh/ ixoo nlqhwlf fdofxod0
wlrqv duh uhtxluhg1�.��b Wkh yduldwlrqv ri sodvpd ghqvlw| lq Ht1+<, pd| dovr frqwulexwh wr
wkh prphqwxp gulyh zklfk lv hvvhqwldoo| d phfkdqlvp ri wkh Vwulqjhu vslq0xs1e2ce� Vxfk
ghqvlw| yduldwlrqv fdq riwhq eh gulyhq e| h{whuqdoo| lqmhfwhg hohfwurpdjqhwlf zdyhv1�.cee

Lq wrurlgdo jhrphwu| wkh h�hfwv ri sodvpd suhvvxuh dv|pphwu| pd| dovr frqwulexwh wr wkh
}rqdo �rz gulyh1eD
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Prgxodwlrqv ri wkh zdyh sdfnhwv e| wkh odujh vfdoh vwuxfwxuhv duh ghvfulehg e| d ZNE
w|sh zdyh nlqhwlf htxdwlrq iru wkh txdqwd ghqvlw| ri vpdoo vfdoh �xfwxdwlrqv wkdw lv frq0
vhuyhg dorqj wkh ud|v1 Wklv phwkrg zdv ruljlqdoo| sursrvhg wr ghvfuleh wkh lqwhudfwlrq ri
kljk iuhtxhqf| sodvprqv +Odqjpxlu zdyhv, zlwk orz iuhtxhqf| lrq vrxqg shuwxuedwlrqv1eS

Lq vwxglhv ri guliw zdyh g|qdplfv/ lw kdv ehhq dvvxphge.ceH wkdw wkh uhohydqw txdqwlw| wkdw
lv frqvhuyhg lq wkh suhvhqfh ri vorz yduldwlrqv lv wkh guliw0zdyh dfwlrq ghqvlw|1 Lw lv zhoo
nqrzq wkdw wkh vwdqgdug zdyh dfwlrq yduldeohv F& dvvrfldwhg zlwk wkh qxpehu ri zdyh
txdqwd q&/ q& @ mF&m

2 @ H&@$&/ zkhuh H& lv wkh zdyh hqhuj|/ dqg $& lv wkh zdyh iuh0
txhqf|/ lv wkh edvlv iru d Kdplowrqldq irup ri wkh zdyh0zdyh lqwhudfwlrq htxdwlrqv1 Lw kdv



ehhq qrwhg�2ceb krzhyhu wkdw wkh qrupdo yduldeohv xvhg wr ghvfuleh vhoi0lqwhudfwlrq ehwzhhq
vpdoo vfdoh �xfwxdwlrqv zlwkrxw wkh vkhdu �rz duh prgl�hg e| wkh �rz dqg pd| qrw eh
vxlwdeoh iru d v|vwhp zlwk d phdq �rz1 Wkxv/ lq wkh suhvhqfh ri d vkhdu �rz/ rqh fdq
h{shfw d qhz irup ri fdqrqlfdo yduldeohv dqg dvvrfldwhg dfwlrq lqyduldqwv1 Lw zdv dovr
vkrzq gluhfwo|2ecDf wkdw iru vrph prghov ri guliw zdyhv wkh frqvhuyhg dfwlrq0olnh txdqwlw|
+svhxgr0dfwlrq, lv gl�huhqw iurp wkh xvxdo gh�qlwlrq ri wkh zdyh dfwlrq gh�qhg dv wkh udwlr
ri wkh zdyh hqhuj| wr wkh zdyh iuhtxhqf|1 Wkh odwwhu gh�qlwlrq dovr idlov zkhq wkhuh duh
qr rvfloodwlqj hljhq0prghv/ vxfk dv lq lghdo �xlg/ vr wkdw dq dowhuqdwlyh gh�qlwlrq ri wkh
dfwlrq0olnh lqwhjudo lv uhtxluhg1D�cD2

D jhqhulf v|vwhp ri wkh guliw zdyh �xfwxdwlrqv lqwhudfwlqj zlwk wkh phdq �rz fdq eh
zulwwhq lq wkh irup
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zkhuh $& @ $+n, lv wkh iuhtxhqf| ri wkh olqhdu prgh zlwk d zdyh0yhfwru n/ dqg pd| lqfoxgh
dq lpdjlqdu| sduw fruuhvsrqglqj wr wkh zdyh jurzwk dqg ghfd|1 Lq wkh vslulw ri wkh vfdoh
vhsdudwlrq zh uhsuhvhqw wkh �hog lqwr wkh odujh0vfdoh !	& dqg vpdoo0vfdoh !:& frpsrqhqwv>
!	& @ 3 rxwvlgh d vkhoo m n m? %� 4/ !:& @ 3 iru m n m? %= Wkh vhoi0lqwhudfwlrq ri vpdoo0vfdoh
�hogv lv vpdoo frpsduhg wr wkh lqwhudfwlrq zlwk wkh phdq �rz1eb Wkh htxdwlrq iru wkh
hyroxwlrq ri wkh zdyh vshfwuxp lv rewdlqhg lq wkh irup
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+45,
Wkh vpdoo0vfdoh wxuexohqfh lv ghvfulehg e| wkh vshfwudo ixqfwlrq +Zljqhu ixqfwlrq, L&+{> w,>
dqg gh�qhg dv iroorzv ]
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Wkh vorz wlph dqg vsdwldo ghshqghqfh lq L&+{> w, fruuhvsrqgv wr prgxodwlrqv zlwk d _vorz%
zdyh yhfwru/ t� n> n

�

@ �n . t= Dqjoh eudfnhwv lq +46, vwdqg iru hqvhpeoh dyhudjh/
zklfk lv htxlydohqw wr d wlph dyhudjh zlwk dssursuldwh hujrglf dvvxpswlrqv1 Wkh htxdwlrq
iru L&+{> w, lv ghulyhg iurp +45, e| dyhudjlqj lw ryhu idvw vfdohv dqg e| wdnlqj wkh Irxulhu
wudqvirup ryhu wkh vorz yduldeoh {1D2

Dv dq h{dpsoh/ zh frqvlghu wzr gl�huhqw prghov iru guliw zdyhv lq d pdjqhwl}hg sodvpd=
wkh vwdqgdug Kdvhjdzd0Plpd htxdwlrq dqg d vode0olnh prgho iru guliw zdyhv lq d vkhduhg
pdjqhwlf �hog1 Wkh odwwhu lv vlplodu wr wkh vwdqgdug Kdvhjdzd0Plpd htxdwlrq zlwk d
prgl�hg sodvpd uhvsrqvh wr wkh vorz prgxodwlrqv ri wkh hohfwurvwdwlf srwhqwldo1 Vxfk
vorz prghv fruuhvsrqg wr n8 $ 3/ vr wkdw wkh vorz sduw ri wkh srwhqwldo grhv qrw iroorz

Erow}pdqq glvwulexwlrq1 ^Qrwh wkdw }rqdo �rzv2� +p @ q @ 3, duh vxfk vorz prghv zlwk
n8 @ 31` Dv d uhvxow/ wkh frqyhfwlyh whup dsshduv lq wkh orzhvw rughu/ frqwudu| wr wkh
fdvh ri wkh Kdvhjdzd0Plpd htxdwlrq/ zkhuh vxfk whup lv gxh wr wkh srodul}dwlrq guliw1 Dq
dssursuldwh htxdwlrq iru wkh guliw zdyh g|qdplfv lq suhvhqfh ri d phdq �rz +qhjohfwlqj
wkh vhoi0lqwhudfwlrq, kdv wkh irupe.cD�
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zkhuh Yf @ fe�u!@Ef lv wkh phdq �rz yhorflw|1 Wklv htxdwlrq fdq eh zulwwhq lq wkh
irup +44, zlwk $& @ n �YW@+4 . n2�2r, dqg
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Iurp +45, zh rewdlq d frqvhuydwlrq odz iru wkh lqyduldqw Q& @ L&+4 . n2�2,2>
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D gl�huhqw h{suhvvlrq iru wkh dfwlrq0olnh lqyduldqw lv rewdlqhg iru wkh vwdqgdug Kdvhjdzd0
Plpd +K1P1, prgho zlwk d phdq �rz
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Wkh dssursuldwh lqwhudfwlrq frh�flhqw lv
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Lq wklv fdvh/ wkh wudqvsruw htxdwlrq iru L& wdnhv wkh irup ri wkh frqvhuydwlrq odz iru wkh
lqyduldqw Q& @ L&n
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Vlploduo|/ wklv surfhgxuh fdq eh xvhg wr ghulyh wkh dfwlrq0olnh lqyduldqw iru wkh wzr0
glphqvlrqdo prwlrq ri dq lqfrpsuhvvleoh �xlg1 Lq wkh odwwhu fdvh/ wkhuh duh qr rvfloodwlqj
prghv vr wkdw wkh vwdqgdug gh�qlwlrq ri wkh dfwlrq dv d udwlr ri wkh zdyh hqhuj| wr zdyh
iuhtxhqf| lv qrw dssolfdeoh1 Wkh 50G Hxohu htxdwlrq kdv d irup
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2
z! @ 3> +53,

zkhuh Yf lv wkh yhorflw| gxh wr wkh phdq �rz1 Lq wklv fdvh/ wkh zdyh nlqhwlf htxdwlrq lv

C

Cw
Q&+{> w, .

C

Cn
+n �Yf, �
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zkhuh wkh zdyh0dfwlrq Q& @ neL&1
D�

Qrwh wkdw erwk lqyduldqwv iru guliw zdyhv/ +49, dqg +4<,/ duh gl�huhqw iurp wkh vwdqgdug
gh�qlwlrq ri wkh zdyh dfwlrq gh�qhg dv wkh udwlr ri wkh zdyh hqhuj| wr wkh zdyh iuhtxhqf|
lv

q& @ md&m
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+4 . �2rn
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> +55,

zkhuh $W @ nwYW1 Wkh gl�huhqfh ehwzhhq wzr irupv ri wkh dfwlrq0olnh lqyduldqw lv gxh wr d
gl�huhqw irup ri wkh frxsolqj pdwul{/ Ht1 +48, dqg Ht1+4;,/ ghvfulelqj wkh lqwhudfwlrq ri
wkh vpdoo dqg odujh vfdoh frpsrqhqwv1, Qhz lqyduldqwv/ fdq eh xvhg wr frqvwuxfw fdqrqlfdo
yduldeohv lq wkh suhvhqfh ri wkh vkhdu �rz1D2
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Frxsohg htxdwlrqv +8/49, fdq eh vroyhg wr vkrz wkdw wkh prgxodwlrqv ri wkh zdyh
sdfnhwv dqg }rqdo �rz Yf duh xqvwdeoh12� Zh frqvlghu htxdwlrqv +8,/+49, olqhdul}hg iru

vpdoo shuwxuedwlrqv + hQ&/!, � h{s+�l
W . ltu,>zkhuh t � to @ �lC@Cu lv wkh udgldo zdyh
yhfwru ri wkh odujh vfdoh shuwxuedwlrq1 Wkhq/ Ht1 +8, wdnhv wkh irup
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Wkh prgxodwlrq ri hQ& lv fdofxodwhg iurp +49,
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zkhuh Y} @ C$@Cno1 Xvlqj +57, lq +56, zh rewdlq wkh iroorzlqj htxdwlrq2�
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Iru wkh fdvh ri wkh qduurz uhvrqdqw ixqfwlrq dssur{lpdwhg e| d ghowd0ixqfwlrq/ wkh jurzwk
udwh ri wkh uhvrqdqw lqvwdelolw| lv
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Wkh frqglwlrq CQf
&@Cno ? 3 lv uhtxluhg iru lqvwdelolw|1 Wklv lqvwdelolw| pd| eh lqwhusuhwhg

dv d uhvxow ri wkh uhvrqdqw lqwhudfwlrq ri wkh zdyh sdfnhw zlwk vorz prgxodwlrqv ri wkh phdq
�rz1 Qrwh dovr wkdw wklv lqvwdelolw| kdv d fkdudfwhu ri wkh qhjdwlyh ylvfrvlw| lqvwdelolw| dovr
lqyhvwljdwhg iru wkh gulyhq 5G k|gurg|qdplf wxuexohqfh1DDcDS

Htxdwlrq +58, dovr ghvfulehv dq dqrwkhu w|sh|sh ri wkh lqvwdelolw| wkdw lv qrw ri wkh
uhvrqdqw w|sh/ exw udwkhu ri wkh k|gurg|qdplf ydulhw|1 Zkhq wkh jurzwk udwh ri wkh lqvwd0
elolw| ehfrphv odujh frpsduhg wr wkh fkdudfwhulvwlf iuhtxhqf| vsuhdg iru wkh edfnjurxqg
�xfwxdwlrqv/ lqglylgxdo Q& frpsrqhqwv frqwulexwh wr wkh lqvwdelolw| frkhuhqwo|1 Lqvljkw lqwr
wklv phfkdqlvp fdq eh surylghg e| d vlpsoh fdvh ri d prqrfkurpdwlf zdyh sdfnhw zlwk
Qf

& @ Qf�+n� nf,> zlwk nf @ +nof> nwf,1 Wkhq zh rewdlqD.
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Qrwh wkh fulwhulrq iru wkh lqvwdelolw|=
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&
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CY}
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? 3= +5;,

Fdofxodwlqj wkh ghulydwlyh ri wkh jurxs yhorflw| zh rewdlq
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Wklv htxdwlrq ghvfulehv d jurzwk ri wkh odujh vfdoh }rqdo �rz dv d uhvxow ri wkh lqvwdelolw|1
Qrwh wkdw wkh lqvwdelolw| lv vwdelol}hg iru vkruwhu zdyh ohqjwkv/ surylghg wkdw 4� 6n2of�

2
r .

n2w�
2
r ? 31 Lw fdq uhdglo| eh vhhq wkdw wkh frkhuhqw +k|gurg|qdplf, lqvwdelolw| kdv d odujhu

jurzwk udwh Lp
 � Q
�*2
f frpsduhg wr wkdw ri wkh uhvrqdqw lqvwdelolw| +59,> iru wkh odwwhu

fdvh Lp
 � Qf1 Sdudphwulf lqvwdelolw| ri wkh k|gurg|qdplf w|sh zdv dovr frqvlghuhg e| d
gl�huhqw dssurdfk lq Uhiv1 64/ 8;/ dqg 8<1

Zh kdyh frqvlghuhg d vshfl�f h{dpsoh ri guliw zdyhv lq sodvpdv/ exw/ vlplodu dujxphqwv
fdq eh pdgh iru Urvve|0w|sh zdyhv lq �xlgv1 Iru wkh v|vwhpv ri lqwhuhvw +pdjqhwl}hg sodvpd
dqg jhrvwursklf �xlgv ri urwdwlqj sodqhwv,/ wkh frqvhuydwlrq ri srwhqwldo yruwlflw| lv dq
hvvhqwldo fkdudfwhulvwlf ri zdyh g|qdplfv1 Lq doo fdvhv/ qrqolqhdu dgyhfwlrq ri wkh srwhqwldo
yruwlflw| uhpdlqv d vrxufh ri odujh vfdoh prwlrq/ wkrxjk h{dfw irup iru wkh srwhqwldo yruwlflw|
frqvhuydwlrq iru gl�huhqw w|shv ri zdyhv lq sodvpd dqg urwdwlqj �xlgv pd| ydu|1 Rqh ri wkh



prvw jhqhudo irup iru wkh yruwlflw| frqvhuydwlrq lv Kdvhjdzd0Plpd ru Fkduqh|0Rexnkry
htxdwlrq1 Lq qrupdol}hg irup lw fdq eh zulwwhq�e
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Khuh # lv wkh vwuhdp0ixqfwlrq iru wzr0glphqvlrqdo yhorflw| lq �> u 0 sodqh +��sodqh,/ dqg

lv dv d vxp ri wkh phdq �rz dqg vpdoo vfdoh �xfwxdwlrqv/ #@#. h#= Wkh v|vwhp jlyhq e|
Ht1 +63, kdv dq dgldedwlf lqyduldqw2ec2ScD�cD2 Q& @ n2
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Lw lv lqwhuhvwlqj wr qrwh wkdw ghvslwh gl�huhqw gh�qlwlrqv ri wkh zdyh dfwlrq dqg gl�huhqw
frqwulexwlrq ri wkh phdq �rz wr wkh hljhq0iuhtxhqf|/ wkh fulwhulrq iru wkh lqvwdelolw| +5;,
uhpdlqv wkh vdph1

Wkxv/ wkh vpdoo vfdoh zdyh sdfnhwv lq pdjqhwl}hg sodvpdv dqg jhrvwursklf �xlgv duh
xqvwdeoh zlwk uhvshfw wr wkh orqj zdyhohqjwk shuwxuedwlrqv1 Wkhvh shuwxuedwlrqv duh df0
frpsdqlhg e| wkh h{flwdwlrq ri wkh orqj zdyhohqjwk prghv ri wkh yhorflw|/ l1h1 }rqdo �rzv1
Wzr phfkdqlvpv ri wkh lqvwdelolw| frqvwlwxwh wkh _k|gurg|qdplf% dqg _nlqhwlf% uhjlphv ri
wkh vdph surfhvv/ vlplodu wr wkh fdvh ri sodvpd 0 ehdp lqvwdelolwlhv1 Uhodwlyh lpsruwdqfh
ri wkhvh wzr uhjlphv zloo eh ghwhuplqhg e| wkh uhodwlrq ehwzhhq wkh qrqolqhdu jurzwk udwh
�^ +jlyhq hlwkhu Htv1 +59, ru + 5<,, dqg wkh vshfwudo zlgwk ri wkh edfnjurxqg wxuexohqfh/
�$&= Wkh lqvwdelolw| lv ri wkh uhvrqdqw w|sh/ zkhq wkh lqvwdelolw| jurzwk udwh �^ lv vpdoohu
wkdq wkh vshfwudo zlgwk �$& ri wkh vpdoo vfdoh �xfwxdwlrqv1 Wkh lqvwdelolw| ehfrphv wkh
frkhuhqw k|gurg|qdplf w|sh li �^ A �$&/ vr wkdw doo kduprqlfv jurz frkhuhqwo|1 Lq wkh
vlpsohvw fdvh ri zhdn zdyh0zdyh lqwhudfwlrq/ wkh vshfwudo zlgwk �$& lv phuho| wkh zlgwk ri
wkh zdyh sdfnhw ri vpdoo vfdoh �xfwxdwlrqv1 Wkh �qlwh zdyh0zdyh lqwhudfwlrq zloo ixuwkhu
eurdghq wkh vshfwuxp dqg wkh qrqolqhdu eurdghqlqj 7$& pxvw eh wdnhq lqwr dffrxqw lq
wkh hvwlpdwh iru wkh vshfwuxp zlgwk1

Iru wkh fdvh ri d prqrfkurpdwlf zdyh/ Qf � �+n�nf,/ wkh vkhdu �rz lqvwdelolw| jlyhq
e| Ht1+5<, grhv qrw h{klelw dq dpsolwxgh wkuhvkrog1 D pruh ghwdlohg dqdo|vlvS� vkrzv wkdw
wkhuh lv dq dpsolwxgh wkuhvkrog iru wkh }rqdo �rz h{flwdwlrq ri wkh rughu ri �2r@O

2
?=

Wkh vkhdu �rz lqvwdelolw| zdv h{dplqhg khuh lq wkh olqhdu dssur{lpdwlrq zlwk uhvshfw
wr wkh dpsolwxgh ri wkh odujh vfdoh �rz1 Wkh �qlwh dpsolwxgh h�hfwv pd| ohdg wr wkh zdyh
wudsslqj lqvlgh wkh vkhdu �rz ihdwxuhv dqg irupdwlrq ri vwurqjo| qrqolqhdu vwuxfwxuhv1�2cD�cSf
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Ilqlwh suhvvxuh �xfwxdwlrqv prgli| wkh prphqwxp edodqfh zlwk dgglwlrqdo frqwulexwlrq
gxh wr wkh j|ur0ylvfrvlw| whqvru
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zkhuh wkh gldpdjqhwlf frqwulexwlrq wr wkh Uh|qrogv vwuhvv lv jlyhq e|
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Lq jhqhudo/ suhvvxuhv �xfwxdwlrqv kdyh d �qlwh skdvh vkliw zlwk uhvshfw wr wkh hohfwurvwdwlf
srwhqwldo1 Lw zdv vkrzqef wkdw erwk sduwv +lq0skdvh dqg rxw0ri0skdvh, frqwulexwh wr wkh
gldpdjqhwlf Uh|qrogv vwuhvv whqvru1 Wkh lq0skdvh sduw surylghv d grplqdqw frqwulexwlrq1
Wkh frqwulexwlrq ri wkh rxw0ri0skdvh frpsrqhqw/ krzhyhu lv lpsruwdqw wr gh0frxsoh }rqdo
�rz hyroxwlrq iurp wkh vorz hyroxwlrq ri lrq suhvvxuh sur�oh1 Lw wxuqv rxw wkdw frqwulexwlrq
ri wkh rxw0ri0skdvh frpsrqhqw lq wkh Uh|qrogv vwuhvv whqvru lv vlplodu wr wkh frqwulexwlrq
wr wkh dqrpdorxv hqhuj| �x{ zklfk fdqfho wkh vorz suhvvxuh hyroxwlrq iurp wkh yruwlflw|
htxdwlrq +wkh vhfrqg whup rq wkh ohiw kdqg vlgh ri Ht1 +66,1 Wkxv/ wkh rqo| uhpdlqlqj
frqwulexwlrq ri suhvvxuhv �xfwxdwlrqv wr wkh Uh|qrogv vwuhvv whqvru lv gxh wr wkh lq0skdvh
frpsrqhqw1

Edvlf g|qdplfv ri wkh wrurlgdo lrq whpshudwxuh judglhqw gulyhq prgh lv ghvfulehg e|
iroorzlqj �xlg htxdwlrqvef =
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Khuh/ $( @ n �Y(/ Y( @ 5fW�e�Q oqE@hEf/ $W @ nwfW�@hEfO?/ $WR @ $W+4 . ��,/
�� @ C oqW�@C oqq1 Zh kdyh dovr xvhg Erow}pdqq hohfwurq ghqvlw|1

Htxdwlrq +66, iru wkh hyroxwlrq ri wkh phdq �rz fdq eh zulwwhq lq d jhqhudo wzr glphq0
vlrqdo irup
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zkhuh %�2 @ �%2�/ %22 @ %�� @ 3/ l @ +4> 5, @ +u> �,/ dqg � lv wkh sdudphwhu wkdw ghvfulehv
wkh gldpdjqhwlf hqkdqfhphqw ri wkh Uh|qrogv irufh gxh wr whpshudwxuh �xfwxdwlrq1 Lq
wkh orzhvw rughu lq wkh n2�2 sdudphwhu/ � lv lqghshqghqw ri wkh zdyh yhfwru dqg fdq eh
zulwwhqef dv
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Vxevwlwxwlqj +6<, lqwr +6;, rqh �qgv wkh jurzwk udwh � @ t2o +4 . �,Goo iru wkh }rqdo �rz
lqvwdelolw|/ zkhuh
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Lq wkh rssrvlwh olplw/ tw  to $ 3/ htxdwlrq +6;, ghvfulehv jhqhudwlrq ri vwuhdphuv zlwk
wkh lqfuhphqw � @ t2o +4 . �,Gwwc
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2n= +74,

Wkh udgldoo| horqjdwhg dqg srorlgdoo| orfdol}hg qrqolqhdu vwuxfwxuhv zhuh revhuyhg lq qx0
phulfdo vlpxodwlrqv ri wkh lrq whpshudwxuh judglhqw gulyhq wxuexohqfh1S�
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Iru sodvpdv zlwk d �qlwh suhvvxuh +�qlwh �,> hohfwurpdjqhwlf h�hfwv ehfrphv lpsruwdqw
gxh wr frxsolqj ri wkh guliw zdyhv wr wkh Doiyhq zdyh eudqfk wkdw ghvfulehg e| wkh glvshuvlrq

htxdwlrq +$ � $We,
�
4� $2@n28y

2
�
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.n2z�

2
r @ 31S2 Ioxfwxdwlqj pdjqhwlf �hog whqgv wr uhgxfh

wkh }rqdo �rz gulyh gxh wr wkh frqwulexwlrq ri Pd{zhoo vwuhvv whqvru wr Ht1 +<,1 Wkh
hohfwurpdjqhwlf h�hfwv rq wkh }rqdo �rz jurzwk fdq eh vlpso| xqghuvwrrg iurp wkh jhqhudo
h{suhvvlrq iru wkh lqvwdelolw| jurzwk udwhSe
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= +75,

Lq wkh hohfwurvwdwlf fdvh/ wklv h{suhvvlrq uhgxfhv wr Ht1 +59,1 Wkh devhqfh ri wkh }rqdo
gulyh dw wkh vkhdu Doiyhq zdyh uhvrqdqfh fdq eh vhhq lq Ht1 +75, gxh wr ydqlvklqj udgldo
frpsrqhqw ri wkh zdyh jurxs yhorflw| iru sxuh Doiyhq zdyhv1 Iru wkh nlqhwlf vkhdu Doiyhq
zdyhv zlwk �qlwh n2z�

2
r> h{suhvvlrq +75, jlyhv
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Fohduo|/ wkh srsxodwlrq lqyhuvlrq CQ@Cno A 3 lv uhtxluhg iru wkh lqvwdelolw|1 Qrwh dovr/ wkdw
frqwudu| wr wkh fdvh ri guliw zdyhv/ wkh vshfwuxp dv|pphwu| lv uhtxluhg iru nlqhwlf vkhdu
Doiyhq zdyhv ehfdxvh ri wkh devhqfh ri wkh gldpdjqhwlf urwdwlrq1

Prgxodwlrqdo lqvwdelolw| ri vpdoo vfdoh hohfwurpdjqhwlf �xfwxdwlrqv pd| dovr ohdg wr wkh
jhqhudwlrq ri odujh vfdoh pdjqhwlf vwuxfwxuhv lq d wxuexohqw pdjqhwl}hg sodvpd1 Wkh odujh
vfdoh pdjqhwlf �hog lv gulyhq e| wkh phdq hohfwurprwlyh irufh whup lq Rkp*v odz/ hy� hE/ d
surfhvv vrphzkdw vlplodu wr wkh fxuuhqw gulyh e| wkh h{whuqdoo| odxqfkhg Doiyhq zdyh1SDcSS

D �qlwh skdvh vkliw ehwzhhq hy dqg hE lv uhtxluhg wkdw fdq eh surylgh e| wkh glvvlsdwlrq
vxfk dv Odqgdx gdpslqj1 Lq jhqhudo fdvh wkh jhqhudwlrq ri wkh }rqdo �rz dqg pdjqhwlf
�hog duh frxsohg dqg h{klelw frpsoh{ g|qdplfv1Se

Dv dq h{dpsoh zh frqvlghu d froolvlrqohvv Doiyhq zdyh wxuexohqfh lq wkh suhvhqfh ri
dq dpelhqw pdjqhwlf �hog Ef @ Efe}1 D vsrqwdqhrxv h{flwdwlrq ri odujh vfdoh pdjqhwlf
�hogv E @ uD� e}/ zkhuh D @ D+{,/ lv d uhvxow ri frxsolqj ri vpdoo vfdoh wxuexohqfh dqg
wkh lqlwldo shuwxuedwlrq ri wkh phdq �hog1 Odujh vfdoh udqgrp pdjqhwlf �hog uhiudfwv zdyh
sdfnhwv ri wkh Doiyhq zdyhv dqg/ wkxv/ prgxodwhv vshfwuxp ri wkh wxuexohqfh1 Prgxodwhg
vshfwuxp uhdfwv edfn rq wkh jhqhudwhg �hog yld fruuhodwlrq ehwzhhq wkh shuwxuehg vpdoo
vfdoh frpsrqhqwv ri hohfwurvwdwlf dqg pdjqhwlf srwhqwldov1 Wkh odwwhu surylghv hohfwurprwlyh
irufh lq wkh phdq Rkp*v odz1 Dv d uhvxow/ xqghu vrph frqglwlrqv/ wkh lqlwldo }rqdo pdjqhwlf
�hog fdq eh dpsol�hg1 Wklv lqvwdelolw| fdq eh fodvvl�hg dv d idvw g|qdpr surfhvv1

Wkh sdudooho prphqwxp edodqfh iru hohfwurqv +jhqhudol}hg Rkp*v odz, lv
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Wkh hohfwurq uhvsrqvh ri wkh idvw vfdoh hi lv jlyhq e|
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